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ABSTRACT

Motivated by the categorical notion of localizations applied to the quasi-
category of abelian groups, we call a homomorphism a: A — B a quasi-
localization of abelian groups if for each ¢ € Hom(A, B) thereisann € N
and a unique 1 € End(B) such that ng =1 o «a. In this case we call B a
quasi-localization of A. In this paper we investigate quasi-localizations of
the integers Z. While it is well-known that localizations of Z are just the
E-rings, quasi-localizations of Z are much more abundant; an injection
a: Z — M with M torsion-free, is a quasi-localization if and only if, for
R = End(M), one has R C M C Q®zR. We call R the ring of the quasi-
localization M. Some old results due to Zassenhaus and Butler show that
all rings with free additive groups of finite rank are indeed rings of quasi-
localizations of Z. We will extend this result and show that there are also
rings of infinite rank with this property. While there are many realization
results of rings R as endomorphism rings of torsion-free abelian groups
M in the literature, the group M is usually not contained in the divisible
hull of RT, as is required here. We will use a particular case of a category
of left R-modules M with a distinguished family F of submodules and
thus End(M,F) = {¢ € End(M) : (X) C X for all X € F}. We will
restrict our discussion to the case M = R such that End(R, F) = R, and
in this case we call the family F of left ideals E-forcing, not to be confused
with the notion of forcing in set theory. We will provide many examples
of quasi-localizations M of Z, among them those of infinite rank as well
as matrix rings for various rings of finite rank.
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1. Introduction

Let C be any category, A, B objects in C, and a: A — B a morphism in C. Then
« is called a localization of A if for any morphism ¢: A — B there is a unique
morphism ¢: B — B such that ¢ = ¥ o a. Localizations are an important
notion in category theory and elsewhere. Recently, localizations in the category
of abelian groups were studied in [4], [6], [7], [L1], [15] and in other articles. We
will use the following standard identifications (see e.g. [6], [7], [9], [10]). If M
is a faithful left R-module, then any r € R will be identified with the scalar
multiplication by r on the left. Thus r € End(M) and similarly R C End(M).
It is well-known, that if a: Z —B is a localization of abelian groups, then B
is the additive group of an E-ring R, i.e. if RT is the additive group of R
then End(R") = R, cf. [4], [13] for example. E-rings show up frequently in
the theory of abelian groups, especially in the theory of torsion-free abelian
groups of finite rank. See [17] or [13] for a nice survey article on E-rings and
their generalizations. A frequently utilized tool in the investigation of torsion-
free abelian groups of finite rank is their quasi-category, i.e. the objects are
just all those groups, but QHom(A, B) is the set of morphisms from A to B.
Considering localizations in that category naturally leads to the following

Definition 1: A homomorphism a: A — B is a quasi-localization of A if for all
homomorphisms ¢: A — B there exists some natural number n and a unique
homomorphism : B — B such that ny =1 o a. (We will usually restrict our
attention to the case where « is injective.)

Note that this definition makes sense for torsion-free abelian groups of any
rank. All groups in this paper are torsion-free unless stated otherwise. In this
paper we will pursue the natural question: What are the quasi-localizations of
Z? Here is the answer in a nutshell:

e Let a: Z — M be an injective homomorphism and M a torsion-free abelian
group. Then « is a quasi-localization if and only if R C M C QR as left
R-modules and R = End(M). In this case (1) =1 € R and we call R
the ring of the quasi-localization of Z.

This shows that quasi-localizations of Z are much more abundant than the
localizations of Z, i.e. the E-rings. In 1967 H. Zassenhaus [18] proved that if
R is any unital ring with additive free abelian group of finite rank, then there
exists R C M C QR such that End(M) = R.

Recall that A. L. S. Corner [5] found examples of torsion-free rings R of rank
n (RT is p-local) such that R is not the endomorphism ring of any torsion-free
group of rank less than 2n. This indicates that the question of which torsion-free
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rings of finite rank are rings of quasi-localizations of Z might be quite difficult
to answer. Reid and Vinsonhaler [14] generalized the result in [3] by replacing
the base ring Z with a subring K of an algebraic number field.

In our pursuit to find new torsion-free rings of finite rank for which a Zassen-
haus/Butler type result holds, we look at matrix rings, employ a result in [1],
and show:

e Let S be any torsion-free ring of finite rank such that the Q-algebra Q.S is
generated by a set {1,72,...,%m_1} as an algebra. If ST is p-reduced for at
least 2m+-6 distinct primes p, then the matrix ring R = Mat (2, (2m)(5)
is the ring of a quasi-localization M of Z. If S happens to be an E-ring,
that number can be reduced to 2m + 1. In particular, R = Mat, xn(Z) is,
for any n € N, the ring of a quasi-localization of Z. In any case, M/R is
a direct sum of copies of Z(p>°) for finitely many primes p.

As far as we know, there are no examples in the literature of any torsion-free
rings R of infinite rank that are the rings of quasi-localizations M of Z. The
main purposes of this paper is to find such rings, R, for which such an M exists
and also to say some more about M/R for some special rings R of finite rank.

In order to be able to work inside the ring R we introduce the notion of an
E-forcing family for a ring R:

Definition 2: Let R be aring, 1 € R, which is also an algebra over a (commu-
tative) ring S. Let F be a family of some (algebra) left ideals of R. Then F is
called an E-forcing family of left ideals of R if

End(R,F) = {p € Ends(R") : ¢(X) C X forall X € F} = R. (If S = Z,
then we drop the subscript S and set Ends(R*) = End(R™).)

Of course, if R is an E-ring, then @ is an E-forcing family, and any ring R has
an E-forcing family if and only if the set of all left ideals is an E-forcing family.
But since those families are used to construct quasi-localizations M, one wants
the family F to be as small and “nice” as possible. Large E-rings were first
constructed in [8]. Simson’s book [16] is an excellent source for information on
the theory of modules with distinguished submodules.

e Let S be any unital ring and R = Mat,x,(S) the S-algebra of n x n-
matrices over S. Then R has an E-forcing family of n + 1 left ideals that
are S-summands of R. As a consequence, R = Mat, x,(Z) is the ring of
a quasilocalization M of Z such that t,(M/R) # 0 for only n + 1 primes
p and is torsion divisible.



352 J. BUCKNER AND M. DUGAS Isr. J. Math.

We will employ a Black Box construction to show that arbitrarily large quasi-
localizations of Z exist that are not E-rings:

e Let A\ = (u0)* for some infinite cardinal p and Z[X] the ring of inte-
ger polynomials in A-many variables. Then Z[X] is the ring of quasi-
localizations of Z.

A. L. S. Corner, cf. [9, page 145], presented a countable, torsion-free ring R¢
with many idempotents such that whenever End(M) = R¢, then M is super-
decomposable, i.e. M has no indecomposable summands. We use our approach
to show:

e R has an E-forcing family and is the ring of a quasi-localization M of Z,
i.e. M is super-decomposable.

Finally, we consider the nice class of rings R of algebraic integers of Galois
extensions of Q and show that these rings are rings of quasi-localizations M of
Z, such that p(t,(M/R)) = 0 for all primes p.

2. First Results

We view any abelian group B as a left module over the ring R = End(B) and
describe the quasi-localizations of Z as follows.

THEOREM 1: Let B be a torsion-free group and a: Z — B an injective homo-
morphism. Then « is a quasi-localization if and only if for R = End(B), we
have a(l) =1 € R with R C B C Q®z R as R-modules. (In this case we call
R the ring of the quasi-localization «a of Z.)

Proof: Suppose that a: Z — B is a quasi-localization. Then, for each ¢ €
Hom(Z, B) there is a least n(p) € N such that there is a unique ¢ € End(B)
the satisfies n(p)p = ¥ o a. Let R = End(B). Then B =g B is a unital left
R-module. Let By = {b € B : n(b*) = 1}, where b* € Hom(Z, B) is defined
by b*(1) = b. Note that n(n(p)p) = 1 for all ¢ € Hom(Z, B), which implies
that n(b*)b € By for all b € B, i.e. B/B; is torsion. Since B is torsion-free
we infer B C Q®;,B; = QB for short. We will show that By = R(«(1)). If
b € Bj then there is some ¢ € R with b = b*(1) = ¢(a(1)) and we have that
B C R(a(1)). If, on the other hand, ¢(«(1)) € R(a(1)), then [)(a(1))]* = Yo
and ¥ («a(1)) € By follows. If ¢ € R with ¢(«(1)) = 0, then 0* = ¢oaand ¢p =0
follows by uniqueness. This shows that one can identify B; with R and we have
R C B C QR. Note that [«(1)]* =idp o @ and by uniqueness, (1) =1 € R.
To show the converse, let a: Z — B, R C B C QR with (1) =1 € R.
Let ¢ = b* € Hom(Z, B) for some b € B. Then there exists some n € N such
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that nb = r € R and it follows that nb = (np)(1) = (ro a)(1) = ra(l) = rl.
Moreover, r € R = End(B) is unique with that property. |

Zassenhaus [18] showed that if R is a ring with finite rank free abelian RY,
then there does indeed exist R C B C QR such that End(B) = R. This result
was generalized by Butler [3] to finite rank rings R such that R™ is locally free
at each prime p. Note that this shows that the ring R of a quasi-localization
of Z need not be an E-ring and not even commutative! On the other hand,
Corner [5] gave examples of torsion-free rings R of rank n, such that R is not
the endomorphism ring of any abelian group of rank less than 2n. This shows
that some finite rank torsion-free rings are rings of quasi-localizations of Z and

some are not.

PROPOSITION 1: Let R C B C QR be a quasi-localization of Z with R torsion-
free. If the torsion group B/R is bounded, then R is an E-ring.

Proof: Let ¢ € End(R") and assume nB C R C B. Define ¢: B — B by
P(b) = p(nb) for all b € B. Since R = End(B), there is some r € R such that
P(b) = rb for all b € B. We infer that r = r1 = ¢(1) = ¢(nl) = ne(1) € nR
and thus r = ns for some s € R. It follows that (¢ — s)(nz) = p(nz) — nsx =
Y(xz)—rx =0 forall x € R and ¢ — s induces a homomorphism from the torsion
group R/nR into the torsion-free group R*. This shows that ¢ = s € R, which
shows that R is an E-ring. |

We have the following

PROPOSITION 2: Let R be a torsion-free E-ring and R C B C QR such that B
is an R-module and B/R is bounded. Then a: Z — B where a(1) =1€ R is a
quasi-localization of 7.

Proof:  Let n be a natural number such that nB C R C B and ¢ € Hom(Z, B).
Then there is some b € B such that ¢ = b* and nb = r € R with nb* =r o a.
Since a(1) =1 € R, the element r € R is unique. |

For example, let R = Z, p a prime and B = p~'Z, then Z C B C Q is a
quasi-localization of Z but B # Z. In the next section we will present a strategy
that will be useful in the construction of quasi-localizations of Z with a given
ring R.
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3. E-forcing families of left ideals

The following result shows that E-forcing families need to be infinite in many

cases.

ProOPOSITION 3: Let K be a field and A be a K-algebra without zero divisors
and A # K. Then any E-forcing family F of ideals of A is infinite.

Proof:  Assume that F is a finite E-forcing family for A. Then [[y X C
ﬂXG}-X =D #{0}. Let 0#dy € Dand D = Kd; ®C; and A =D & Cs as
K-vector spaces. If C; = {0}, then d? € D is of the form d? = dik for some
0 # k € K. Since A has no zero divisors, we infer that d; = k is a unit of A
and therefore D = A. This implies that F = {A} is an E-forcing family for A
and thus Endg (A) = A. But Endg (A) has zero divisors if dimg (A) > 1. This
shows that A = K and we may assume that C7 # {0}. Now write C1; = Kd2®Cs
with dy # 0 and define p, 9 € Endg (A) by p(Cs36 Cs) = {0} = ¥(C3® Cs) and
¢(d1) = di,p(d2) = 0 and ¢(d1) = 0,7(d2) = d2. Then ¢(A),¢(4) € D C X
for all X € F. On the other hand, ¢ o 1) = 0 and since A has no zero divisors,
at least one of the two maps is not in A. This shows that F is not an E-forcing
family for A. |

The next two propositions deal with inheriting E-forcing families.

PRroOPOSITION 4: Let 1 € R be a torsion-free ring such that the Q-algebra
A = Q ®z R has an E-forcing family 7. Then ' = {XNR: X € F} is an
E-forcing family for the ring R. (We identify R and 1 ® R.)

Proof: Let X € F and v € X. Then there exists some n € N such that
nr € X N R. This shows that X = Q ® (X N R). Now let p € End(R") such
that (X NR) C X N R for all X € F. Note that ¢ = idg ® ¢ € Endg(A)
such that ¢ [r= ¢ and ¥(X) C Q® (X N R) C X. This shows that ¢ = a
for some a € A, but p(1) =¢(1®1)=a(l® 1) =ais in R and it follows that
v € R. |

The next proposition shows that quasi-localizations of Z are induced by E-
forcing families of its rings.

PROPOSITION 5: Let 1 € R be a torsion-free ring and R C M C QR as R-
modules such that Endz(M) = R. Then R has an E-forcing family F.

Proof: Let p be a prime and n € N. Let (¢t,(M/R))[p"] = Mpn/R and
Xpn = D"Mp, C R, a left ideal of R. Note that p"R C X,,. Define
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F ={X,p : p prime, n € N}. Let ¢ € End(R") and ¢ the unique exten-
sion of ¢ to ¥ € End(QR). Assume that o(X,.,) C X, for all p,n. Then
W(Mpn) C My, and since M = Zp,n My, we infer that ¢(M) C M, i.e.
¥ [m€ End(M) = R. This shows that F is an E-forcing family of R. ]

We have seen that E-forcing families of QR induce E-forcing families of R.
Sometimes it also works the other way around.

PROPOSITION 6: Let 1 € R be a ring such that RT is free of finite rank and
F an E-forcing family of R such that each X € F is pure in R. Then F' =
{QX : X € F} is an E-forcing family for the Q-algebra QR.

Proof:  Let ¢¥: QR — QR be a linear map such that ¥(QX) C QX for
all X € F. Since RT is finitely generated, there is some m € N such that
myY(R) C R. Thus my(X) Cmyp(QX NR) CQX NR = X since X is pure in
RT for all X € F. This shows that m1) g€ R and thus ¥ € QR. [ |

Now we consider matrix rings.

PROPOSITION 7: Let S be a any ring, 1 € S, so that S has an E-forcing family
Fs of left ideals of S. We may assume that S € Fg and R = Mat,xn(S5)
denotes the ring of n X n-matrices over S. Then there exists an E-forcing family
F=A{JX:1<i<n+1,X € Fg} of left ideals of the ring R such that
R=@;_,Ji and Jp11 N (D, <jsic, Ji) = {0} for all 1 < j < n. Moreover, if
S is an E-ring, then R has an E-forcing family with n + 1 members.

Proof: Let ¢;; € R be the matrix with 1 in the (4, j)-position and 0 everywhere
else. Let g; = ¢ and J; = Re; = @<, Scai- Clearly R = @, J;.
Define Jn1 = Re() where ¢ = Y77 eij. Then J,1 1 = @, S5, ie.
Jnt1 is the set of all elements of R having constant rows. This shows that
Jnt1 0 (D1<jricn Ji) = {0} for all 1 < j <n. If r = (ro3) € R then re;; =
> a1 Tai€aj-

Let p € End(RY) = @<, .o p<n Hom(Seij, Seq,p) such that o(J; X) C J; X
forall1 <i<n+1, and X € Fg. Then there are 7;j 3 € End(S) such that
o(mijeij) = Zlga,ﬁgn Tija8(Tij)eap for all x;; € S. Now ¢(J;) C J; implies
that ¢(zijeij) € Jj = @1<y<p, Sv; and thus 7i545 = 0 for all 8 # j. We infer
that p(zie®) = (37, wieij) = X5y p(@ici) = Yy (Cney Tijsaj (i)eaj) =
Yaet (e Tiag(xi))ea; = Yasiciae™ = Y01 Y ciaga; for some
Cia € S. This implies that 7;54;(2;) = ¢io for all z; € S, 1 < j < n and all
1 <id,a < n. This shows that 7 a; = Tik,ak =: Tia for all 1 < i,5,k < n.
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Moreover, since ¢(J; X) C J; X forall 1 <i<n+1and all X € Fg, we have
that 7;, € End(S™) such that 7;,(X) C X for all X € Fg and it follows that
Tia = tai € S. Let r = Z“ x;ij€i; € R. Then

(Zzwew) Zcp Tij€ij) Z( > Tij,aﬁ(xij)faﬁ)

Jst 1<a,B<n

- § g Tij,aj 'T’Lj Eaj = g Tia 'T’Lj €aj = g tazzzjgaj

7t 1<a<n Iy, 7yt
= Z (Ztaixij)gaj = t?‘,
Jrex i
where ¢t = (tqi) € R. This shows that ¢ € R. |

We continue to use the notation of the previous proposition. The above proof

shows:

COROLLARY 1: Let K be a Q-algebra and R = Mat,xn,(K). Let ¢ € Endg(R)
such that ¢(J;) C J; for all 1 < j < n+ 1. Then there exists ;o € Endg(K)
such that ©(xijeij) = Yon_y Tia(®ij)ea; for all 1 <i,j < n.

COROLLARY 2: Let 1 € S be a torsion-free ring and K = QS, a Q-algebra. Let
V = K?™ be a free K-module of finite rank 2m and {V; : 1 <i < 5} be five K-
submodules of V' such that {¢ € Endg(V) : o(V;) CV; forall1 <i <5} =K
Let R = Mat(m)x (2m)(S) and define

F={Ji:1<i<2m+1}U{V7¥ :1<k<5},

where Vk# is the left ideal of R consisting of all matrices such that each row is
an element of Vi, N S?™. Then F is an E-forcing family of left ideals of R.

Proof: Let ¢ € End(R") such that ¢(X) C X for all X € F. By the
above, there are 7;,, € End(S™) such that o(z;je,5) = Zizl Tia (Zij)€a; for all
1 <i,j < 2m. Now suppose ga(Vk#) - Vk# and v; = 2?21 vig€ig € V. Then
o(vi) = S50 @vigcip) = Yg.q Tia(Vig)eap and 3 4 Tia (vig)eap € Vi for all
1 < a < 2m. This shows that 77, : §2™ — §2™ defined by 77 (s;); = (Tia (5;));
has the property that T;Z(Vk NSy C VoNS* for all 1 < k < 5 and
Vi = Q(V, N §%m). By our hypothesis, there is some t,, € K such that
# = t, € K. Since ;] (52’”) C S§2m it follows that ta; € S We now have

[2e}
that QD(ZU LL'”EZJ) = Zi,j,a Tia(xij)saj = Zi,j,a tmxijsaj = (tai)a,i(zij)i,j and
thus ¢ € R. ]



Vol. 160, 2007 QUASI-LOCALIZATIONS OF Z 357

For future reference, we state a result due to Brenner [2], see also [1, Lemma 1]
that shows that the hypothesis above holds for all torsion-free rings S of finite

rank.

THEOREM 2 (See [2]): Let K be a finite dimensional Q-algebra generated by a
set {1,71,%2,.--,¥m—1}. Then there exist five K-submodules V} of K*™, that
are free summands of the K-module K?™, such that

{p € Endg(K®™) : o(Vi) C Vi forall 1 < k < 5} = K.

Next we show that E-forcing families are inherited to quasi-equal rings.

PRrOPOSITION 8: Let 1 € R, S be torsion-free rings and m € N such that mR C
S C R as rings.
(1) If F is an E-forcing family of left ideals of R, then 7' = {X NS : X € F}
is an E-forcing family of left ideals of S.
(2) If F is an E-forcing family of left ideals of S, then ' = {RX : X € F} is
an E-forcing family of left ideals of R

Proof:  To show (1), let ¢ € End(S™) such that (X N S) C X NS for all
X € F. Note that mX C X NS and let ¢ = ¢ [,,r€ Hom(mR, S). Define ¢’ €
End(R*) by ¢/(z) = ¢(mz) for all z € R. Then ¢'(X) = ¢y(mX) = p(mX) C
p(XNS) C XNS C X. Since F is an E-forcing family for R, there is some r € R
such that ¢’ = r. This implies that rz = ¢'(z) = ¥(mx) = p(mzx) = mp(z) for
all z € S. For . =1 € S it follows that » = ms for s = ¢(1) € S. This shows
that ¢ = sisin S.

To show (2), let ¢ € End(R*) and X € F. Then X’ = RX is a left ideal
of R and mX' = mRX C SX = X. Assume ¢(X’') C X' for all X € F.
Then mp(X’') € mX’ C X and mp(X) C X for all X € F. This shows that
mep [s= s for some s € S and s = s1 = mp(l) € mR and thus s = mr for some
r € R. For z € R we have mz € S and my(z) = ¢(max) = mrz. Since RT is
torsion-free, we infer that p(z) = rz for all z € R. |

Now we construct our first E-forcing family for polynomial rings. We already
know by Proposition 3 that this family will be infinite.

LEMMA 1: Let K be an infinite field. Then the K-algebra K|x] of all polyno-
mials in indeterminate x over K has an E-forcing family. Moreover, the ring
Z[x] of integer polynomials has an E-forcing family F such that all members of
F are direct summands of the free abelian group (Z[z])*.
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Proof: Let €, ; be distinct elements of K for all n € N and ordinals 1 < j < w
and e,0 = 0 for all n € N. Let F = {(en; + 2")Kz] : n € N,j < w}. Let
¢ € Endg(K|[z]) such that ¢(X) C X for all X € F and ¢(K) = {0}. Then
there exist polynomials g, ; such that ¢(e,; + 2™) = (en,; + 2™)gn,; for all
n and j. We infer that (e, ; + 2™)gn,; = 2"gn,o for all n and j > 1. Since
ged(en,; + 2™, 2™) = 1 for all j > 1 we have that the polynomial €, ; + 2"
divides gy 0 for all j > 1 and therefore g, o = 0 for all n. But this means that
¢ = 0. Now let ¢ € Endg(K]z]) such that ¢(X) C X for all X € F. Then
¢ = ¢ — (1) has the property that ¢(K) = {0} and the above shows that
1 = (1) as desired and F is an E-forcing family for the K-algebra K[z]. The
case K = Q and Proposition 4 yield the desired result for Z[z]. |

The following ring was introduced by A. L. S. Corner to obtain torsion-free
abelian groups without indecomposable summands, cf. [9, page 145].

Let A ={y:0 <~ € Q} and define a semigroup structure on A by setting
af = max{«, 3} for all a, 5 € A.

LEMMA 2: Let A be the semigroup defined above and R = SA the semigroup
ring of A over the commutative ring S. Then

F={Ry:veAJU{R(1—~):v€e€A}

is an E-forcing family for the S-algebra R such that each member of F is a
direct summand of the S-module R™.

Proof: Let ¢ € Endg(R) such that ¢(S) = {0}. Then there is a column-
finite A x A-matrix M = [sq gla,gen such that p(a) = > 5., Bsp,a for all
a € A. Now Ry = ®7§a61\ S is invariant for all v € A, which implies
that sz, = 0 for all 0 < 8 < 7. Moreover, sgo = 0 for all 5 € A. Note that
R(1—7) = (3=By: B € A) = (B=7: 0 < B < 7) = B pe, S(—7) is invariant
under ¢ for all 0 <y € A. This implies p(1 — ) = p(—=7) = > 55, —Bspy =
> 0<p<(B—7)tg,y for some tg, € S. This implies —s, 4 = > 5.5, 15, and
tgy =0 for 0 < B < . But this means that s, ., = 0 for all v > 0 as well as
53, = 0 for all B > ~. This shows that M is the zero matrix and we have the
desired result ¢ = 0. |

Now we consider rings of algebraic integers in algebraic number fields.

THEOREM 3: Let F' be a Galois field extension of Q with finite Galois group
G and S the ring of algebraic integers of F'. Then S has an E-forcing family
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F ={L; : i < w} of prime ideals such that each L; lies above a prime number
p; and (i — p;) is one-to-one.

Proof: First we define F. Let F = Q[r] with minimal polynomial m,(z) €
Zlx] of degree n. Then there exists an infinite set P of prime numbers such
that m,(z) has a root modp for all p € P (see [3, Proposition on page 298])
and we may assume that p is not ramified for any prime p € P. Thus, for
p € P, we have that one prime ideal lying over p has dimension 1 mod p, but
G operates transitively on those prime ideals and only i¢dr fixes any of them
because there are n such ideals. Now define F = {P, : p € P} where the
prime ideal P lies above p. Let {a1,aq,...,a,} be an integral basis of S and
G ={91,92,...,9n} with g1 = idp. Since G is linearly independent over F, we
have Q(SG) = Q(End(S1)) = Endg(F), where SG = {31, s,g; : s; € S}.
Define an n x n-matrix A over S by A = [gi(aj)]1<ij<n- Then det(A) # 0
and there exists a (least) number ma € N such that maA~! € Mat,«.(S).
Let ¢ € End(S™) such that ¢(P) C P for all P € F. Then there exists some
m € N such that mep = Y"1 | s;g; € SG. Mader and Vinsonhaler [12] used the
following trick in the proof of their Lemma 2.5.
Let f = my and note that f(P) C P for all P € F. Observe that

(f(al)a" (Zslgz al Zslgz Gnp ) 815827"')STL)A-

Now let £ € P € . Then

(f(xal)a xan Z Szgz zal Z Szgz xan

Zszgz 2)gi(a1) Zszgz )gi(an))
= (slgl(x), e sngn(:c))A €EPXPx---xP
Note that maA~! is a matrix with entries in S thus
(f(zar),..., f(zap))maA™ =ma(s191(x),...,50gn(x)) EP X P x - - x P
and we infer that mas;g;(P) C P for all 1 <4 < n. Define
IT; = {p prime : 3P € F such that pS C P, g;(P) # P and ged(p,ma) = 1}.

By our hypotheses, II; is infinite for all 2 < i < n. If p € II; and pS C P € F,
then S/P is a torsion p-group and mas;g;(P) C P implies that s;g;(P) C P
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and g;(P) # P. Since pZ is a maximal ideal of Z, we have that P is a maximal
ideal of S, therefore, S = g;(P) + P and we have 1 = g;(a) + b for some
elements a,b € P. This implies that s; = s;g;(a) + s;b € P+ P = P for all
2 < i < nandp € Il. Since II; is infinite, we have that each s; belongs to
infinitely many P’s and we infer s; = 0 for all 2 < ¢ < n, thus f = mp =
s1idp and me(1) = s; € mS. Since ST is torsion-free, we may cancel m
and get p € S. |

COROLLARY 3: Let S be the ring of algebraic integers of the quadratic number
field F = Q[y/m]. Then S has an E-forcing family of prime ideals. So does

Zly/m].

Proof: Let G = {idp,c} be the Galois group of F. Assume that m > 0.
By Dirichlet’s Arithmetic Progression Theorem, the set II = {p prime :
p = 1lmod4m} is infinite. Obviously, for p € II, p = 1modm is a quadratic
residue modm and p = 1 mod 4. By Gauss’ Quadratic Reciprocity Theorem, we
have that m is a quadratic residue mod p for all p € II. Since p = 1mod4 for
each p € II, we have that —1 is a quadratic residue mod p as well. This shows
that any m € Z is a quadratic residue mod p for all p € II. Let II’ be the co-finite
subset of II of all primes p € II such that p is unramified in S. Then pS = P,Q,
with distinct prime ideals P,, @, of S. Since G operates transitively on the set
{Py, Qp}, we have that o(P,) = @, for all p € II'. The family F = {P, : r € II'}
now has the required properties to apply the above theorem. |

Example 1: (Compare with Example in [14, page 987].) Consider S = Z[i]
with 2 = —1. Let ¥ be a nonempty set of primes p such that p = 3mod4
for all p € . Let R = Sy be the localization of S at the set 3 of primes. If
0 # a +ib € Z[i] then (a + ib)~* = a’éjrié’z € Q[i] and a? + b* # 0mod p for all
p € ¥ unless a + ib € pZ[i]. This shows that each ideal J of R has the form
J = ¢qR for some g € N. This shows that the ring R has no E-forcing family of
(left) ideals since p(J) C J for all ¢ € End(R™"), which is a 2 x 2-matrix ring and
thus not isomorphic to R. We infer that R is not the ring of a quasi-localization

of Z.

4. From E-forcing families to modules

Recall that if A is a torsion-free abelian group and 7 is a type, then
A(r) = {a € A : a has type > 7}. If G is any abelian group then t,(G)
denotes the p-primary part of the torsion subgroup t(G) of G. First we need
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LEMMA 3: Let G be a torsion-free abelian group such that G is homogeneous of
type 0. Let {V; : i € I} be a family of at most countably many pure subgroups
of G such that:

(1) G= Zie] V; and

(2) Each G/V; is homogeneous of type 0.

Let {P; : i € I} be a family of disjoint infinite sets of primes and R; =
(p~' :p e P) Cc Q. Let 7; denote the type of R; for all i € I and define
M =3 ,c; RiVi. Then M (7;) = (V;). is the purification of V; in M.

Proof: Recall that if A is any abelian group, n, m € N such that ged(m,n) = 1,
then ma € nA for some a € A implies a € nA. By definition, V; C M (7;) and
M (7;) is a pure subgroup of M, which implies that (V;). C M(7;). To show the
other inclusion, fix i € I and let s € M(7;). Since M/G is torsion, there is some
m € N such that s’ = ms € GN M(r;). Note that

P/={pe€Pi:s €pM,s ¢pG,ged(p,m) =1}

is co-finite in P;. Let II; be the set of all square-free natural numbers whose
prime factors are contained in P;. Let p € P/. Then px = s’ for some z € M such
that z = >°,(1/q;)v; for some v; € V; and g; € II;. Let ¢ = [],; ¢; and note
that ged(p, ¢) = 1. Now gz = ¢3>;(1/q;)v; = 3;(q/a5)v; = g + (1/q:)v; with
v; = qu;. This implies that ¢s’ = pgr = pg+ (p/¢;)v; and pv} € ;GNV; = ¢;V;.

Assume p does not divide ¢;. Then v € ¢;V; and v} = ¢;v} for some v}’ € V;
and thus ¢s’ = p(g + v}'). Since p € P/ we have ged(p, ¢) = 1 and thus s’ € pG,
a contradiction to the definition of P/.

Thus we may assume that ¢; = pt for some ¢ € N and ged(p,t) = 1 since ¢;
is square-free. This implies that gts’ = ptg + (pt/q;)v; = ptg + v, and we have
that qt(s’ +V;) € p(G/V;) and ged(p, qt) = 1 implies that s’ + V; € p(G/V;) for
all p € P!. This shows that type(s’ + V;) > 7, > 0 but G/V; is homogeneous of
type 0, which means that s’ +V; = V; and thus s’ € V;. It follows that s € (V;).
since ms = s’ € V. |

COROLLARY 4: Let R = Z[z] or R = ZA be the ring defined in Lemma 2. Then
there exists R C M C QR such that Endz(M) = R and p(t,(M/R)) = 0 for all
prime numbers p.

Proof: We have seen in Lemma 1 and Lemma 2 that both rings have countable
E-forcing family F = {V; : ¢ € I} such that each V; is a direct summand

of RY and R = Ziel V;. Let R; C Q be as described in Lemma 3 and set
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M =3, RiVi CQR. Let ¢ € Endz(M) such that ¢(1) = 0. By Lemma 3,
o(Vi) C o((Vi)«) C p(M(1)) C M(7;) = (Vi)«, the purification of V; in M. By
Proposition 6 (1), 7/ = {QV; : i € I} is an E-forcing family of the Q-algebra
QR. Let ¥ € End(QR) be the unique extension of ¢. Then ¢ = r/q for some
r € R, ¢ € N since F’ is E-forcing and (1) = ¢(1) = 0. This implies that
1 = ¢ = 0. Now let v € End(M). Then there is some m = (1) € M and
(v —m)(1) = 0 implies, by the above, v = m. We need to show that m € R.
To this end, note that all the orders o(z) of the elements in x € M/R are
square free. Let m = s/q with s € R and ¢ = o(m + R). Then p(m) = m? =
(s?/q*) € M. Let p be a prime divisor of ¢ and ¢ = pq’. Then ged(p, ¢/) = 1 and
(¢)%(s?/q*) = s?/p? € M. Thus o((s*/p?)+ R) divides p? and is square-free, i.e.
p(s?/p?) = s?/p € R. Thus s? € pR and it follows that (s + pR)?> =0 € R/pR.
It is easy to see that in both cases of R, this implies that s € pR, a contradiction
to the choice of ¢ and p. This shows that ¢ = 1 and thus ¢ = s € R. |

The following result will be used to construct quasi-localizations of Z whose
rings are rings of algebraic integers.

PROPOSITION 9: Let 1 € S be a ring such that ST is a free abelian group of
finite rank and F = {P; : i < w} is an E-forcing family of right ideals of S such
that:

For each i < w there is a (unique) number p; such that p;S & P; and the ring
S; = P;/p;S has the property that x € S; with x? = 0 implies x = 0.

Then there exists a right S-module M such that S C M C QS and Endz;M =
S. Moreover, p(t,(M/S)) = 0 for all prime numbers p.

Proof: Define M = 3, p;'P; C QS and let ¢ € End(M). Since S* is
finitely generated and M/S is torsion, there is some k € N such that
ko [s= 1 € End(ST). Since t,,(M/S) = (p; ' P;)/S we have that kp(p; ' P;) C
pi_lPi and it follows that ¢(P;) C P; for all i < w. Since F is an E-forcing
family, we infer that ¢» = s € S and ¢ = s/k € End(M). Note that ¢(1) =
s/k € M. By definition of M, there exists a finite subset I of w, elements
u € S and b; € P; — p;S such that s/k = >, ; b;/p; +u. Fix j € I and define
q= Hiel_{j} pi- Then g3 = %_j+w for some w € S and still ¢(s/k) € End(M).

2 2

This implies %% = % + b;'—'fu € M and we infer that % € S since all elements
i Pj i J j

in M/S have square-free orders. This means that q(b; + p;5)*> = 0 € S; and

ged(q,pj) = 1. By our hypothesis, this implies that b; € p;S, a contradiction

to the choice of b;, which shows I = () and thus ¢ = s/k € S, as desired. |
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COROLLARY 5: Let R be the ring of algebraic integers of a quadratic number
field. Then there is an R C M C QR such that End(M) = R. The same holds
if R is the ring of algebraic integers of some algebraic number field F' satisfying
the hypotheses of Theorem 2.

We will need the following

LEMMA 4: Let 1 € R be a torsion-free ring and F = {L; : i < w} a countable
family of left ideals such that L; = Rb;, where b; is not a zero-divisor in R and for
each i < w there is a prime number p; and 7; > 1 such that p¥i§; R C L; where
ged(pi, 0;) = 1 and (i — p;) is one-to-one. Let M = R+, p~""L; C QR.
Ify € M and y € End(M™), then y € R.

Proof:  Note that t,,(M/R) = (p; "L; + R)/R and t,(M/R) = 0 for
p ¢ {pi : i < w}. Since M/R is torsion, y = v/k with v € R and k is
the order of y + R in M/R. We may assume that k = p; for some i < w.
Then (p%pi_wLi + R) JR € t, (M/R) = (p;”"L; + R)/R. This implies that
pi_(%H)vLi C p; " L;+R and therefore p; '6;vL; C 6;Li+p;*0; R C Li+L; = L;.
This shows that vd;L; C p;L; and ged(d;,p;) = 1 implies that vL; C p;L;. We
infer that there is some r € R such that vb; = p;rb;. Since b; is not a zero-divisor
in R, we get that v = p;r and thus k =1 and y € R. |

Because of the relevance to our topic, we want to give a proof of Zassenhaus’
result [18] that uses some ideas of Butler’s [3]. We deem our version to be a
little more elementary than the originals.

We begin with

LEMMA 5: Let F' be a free abelian group of finite rank, 0 # ¢ € F and 7 €
End(F). Let W = eZ[r] be the T-invariant subgroup of F generated by e and
W, the purification of W in F. Then there exists (a least) k € N such that
kW, C W. Let ¢ € Z such that c is not an eigenvalue of 7 and o € N. Then
ae € F(c — 1) implies that det(c — 7 [w) divides ka.

Proof: Let x.(z) = det(x — 7) be the characteristic polynomial of 7. Then
X+(x) € Z[z] and is monic. Thus m,(z), the minimal polynomial of T, is
in Z[z] and is monic as well. Let f(z) be the minimal polynomial of 7 [y .
Then f(z) divides m,(z) and f(z) = 2™ + 22161 a;z' € Z[r]. We infer that
W = @21711 et'Z. Note that F = W, ®C and thus QF = QW @ QC and since ¢
is not an eigenvalue of 7, we have that ¢ — 7 is the root of an integer polynomial
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with nonzero constant term. Thus (¢ —7)~* € p~1Z[c — 7] for some p € N, but
any polynomial in ¢ — 7 is also a polynomial in 7 and thus (¢ —7)~! € u=Z[7].
Assume that ae € F(c — 7). Then (ae)(c — )7t € =W, N F = W,, since
W, is pure in F. This shows that ae € W, (c — 7) and thus kae € W(c—1T1) =
(@D, er'Z)(c — 7). Define the m x m-matrix C(f) = (uij)1<i j<m where

[c]el ifi=j+1,1<j<m-1
Uiy =4 —a;—1 ifj=m
0 otherwise.

The matrix C(f) is known as the companion matrix of the monic polynomial
f(z). Define B = clyxm — C(f). Suppose kae = (21161 erz;)(c —7) and

[clezo
Z = : ez™.
Zm—1
Elementary computations show that we get
[c]cka
0
BZ = :
0
and xc(f)(z) = det(zlyxm — C(f)) = f(z). Multiplying from the left by the
adjugate adj(B) of B, we get that det(B)z,,,—1 = c1mka where ¢q,, is the (1, m)-
cofactor of the matrix B. It is easy to see that c1,, = (—1)"~!. This proves
that f(c) = det(B) divides ka. |

We are now ready to prove Zassenhaus’ result;

THEOREM 4 (Zassenhaus [18]): Let 1 € R be a ring such that R™ is free abelian
of finite rank. Then there exists a left R-module M such that R C M C QR and
End(M™) = R, i.e., all additive endomorphisms of M are left-multiplications
by elements of R. Moreover, t,(M/R) is bounded for all primes p.

Proof: Let ¥ = {0 € End(R"):0# o and o(1) =0} = {0; : i <w}. For each
i < w, there is some 7; € R such that o;(—7;) = e; # 0. Using the notation
as in the above lemma, for any ¢; € Z such that ¢; is not an eigenvalue of 7;,
i.e. ¢; — 7; is a unit in the ring End(QR™), and there is some k; such that
ae € R(c; — 7;) implies that det(c; — 7; Tw) = fi(e;) divides ak;. There are
infinitely many primes ¢ such that f;(z) modq has a root in Z/qZ. This is a
well-known result in number theory, an elementary proof of which is contained
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in [3]. Now pick such a prime ¢ ¢ {p; : 0 < j < i — 1} that does not divide
k;. The set {c € Z : fi(c) = 0mod g} is infinite since any integer of the form
) = c¢+tq, where t € Z is a root of fi(z) mod ¢ and we may choose ¢; such that
¢i is not one (of the finitely many) eigenvalues of 7 and f;(¢;) = 0modq. Then
det(c;—7) = ¢7; and ¢ does not divide ;. This implies that there is some p € R
such that p(¢; — ;) = ¢7*6; and it follows that ¢7i6; R C R(c; — 7;). Moreover,
dioi(ci — ) = 0i0i(—7;) & R(c; — 7;) since ¢ divides fi(c;) = det(c; — 7 [w),
but ¢ does not divide d;k;. Now set L; = R(¢; — 1) and p; = ¢q. Let M =
R+3%,_,p; "Li CQR. Let ¢ € End(M™). Since R* is finitely generated and
M/R is torsion, there is some m € N such that mp(R) C R and mp(1) € R.
Let 0 = myp — my(1) € End(R"), note that (1) = 0. Assume that 0 # o,
then o = o; for some i < w and thus §;0;(¢; — 7;) ¢ L;. On the other hand, o;
induces an endomorphism of M/R and it follows that o;(p; "*L;) C p; "“L; + R
and we have that 6;0,(L;) C 6;L; + p;"6;R C L; + L; = L;. This contradiction
shows that o; = 0 and therefore ¢ = ¢(1) € End(M™*) and ¢(1) € M. Now
Lemma 4 implies ¢(1) € R, and we are done. |

Now we deal with matrix rings.

THEOREM 5: Let 1 € S be a torsion-free ring of finite rank and K = QS
generated by a set {1,71,...,VYm—1} as a Q-algebra. Assume that there are
2m + 6 distinct primes p; such that St is p;-reduced for all 1 < i < 2m + 6.
Then R = Mat (o) (2m)(S) is the ring of a quasi-localization M of Z. Moreover,
M/R is a direct sum of p;-torsion divisible groups.

Proof: Let F be the family given in Corollary 1. Let L; = J;Z[1/p;] for 1 <
i < 2m+1=n+1 as defined in Theorem 2, and Loy 1+ = Vi’ Z[1/(pom+1+x)]
for 1 < k < 5. Define M = R + Z?Z;FG L;. Let 7; be the type of Z[1/p;]. An
argument similar to [1, Theorem 1] shows that M (r;) = L; forall 1 <14 < 2m+6.
Let ¢ € End(M). Then o(M(m;)) € M(r;) and if ¢ is the extension of ¢
to QR then ¥(QL;) € QL; and by our hypothesis there are t,; € K such
that ¥(zijei) = Yo, Tia(Tij)ea; = D, taiTij€aj. It follows that ¥ =t € K
where ¢ = (tqi). The fact that tL; C L; for all 1 < ¢ < 2m + 1 implies that

tcR. |

COROLLARY 6: Let n > 2 and R = Mat, «xn(E) be the ring of n X n-matrices
over E where E is some E-ring such that EY1 is p;-reduced for distinct prime
numbers p;, 1 <i < mn+ 1. Then there exists a quasi-localization M of Z whose
ring is R such that M/R ~ @ Z(p°).

K2
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COROLLARY 7: Let n > 2 and R = Mat,xn(Z) be the ring of n x n integer
matrices and p;,1 < i < n + 1, be distinct prime numbers. Then there exists
a quasi-localization M of 7 whose ring is R such that M/R =~ @?:11 Z(ps°).
Moreover, M is a finite rank Butler group.

5. Large Polynomial Rings

In this section we will show that commutative polynomial rings with uncount-
ably many variables are rings of quasi-localizations of Z. We will employ a
Black Box construction very similar to the construction of E(R)-algebras in [10,
Section 2]. The combinatorics will be the same, only the “Step Lemma” will
be a little different. The case of polynomial rings in countably many variables
requires a different method of construction and will be addressed in another
paper. We fix the following

Notation 1: Let S be a commutative ring, 1 € S, such that ST is cotorsion-
free, i.e. Hom(Z,S"’) = 0, where Z is the Z-adic completion of Z. Let k, u, A
be infinite cardinals such that x > |S|, u* = p and A = p* is the successor
cardinal of u.

Let B = S[z, : a < A] be the ring of polynomials in the commuting variables
To, a < A, and O the set of all monomials, 1 € M. Then B = P, cop Sm.
For any ¢ = (gmMm)mem € B - Hmegmgm, the support of ¢ is defined as
[g]={meM:g, #0} I MC B, then the support of M is [M] = U, enlgl-
Note that [g] is at most countable for all g € B. Define the X -support of g by
l[9]x = {a < X : T, occurs in some m € [g]} C A

As usual, a norm is defined by ||[{a}| = a+ 1 for « < A, and ||M]| =
sup{|[{a}| : « € M} for any M C X. Moreover, ||g|| = min{8 < X : [g]x C 5}
for any g € B. Note that [glx € § holds if and only if g € é\g where Bg =
Slze : < f].

Canonical homomorphisms are defined as in [10, Definition 2.1.1]. All we
need to know here is that if ¢ is a canonical homomorphism then ¢: P — B
such that P = S|z, : a € I] for some I C X\ with |I] < s and @(P) C P. We
define [¢] = [P, [¢]x = [Plx = I and ¢] = |P| = sup{a: a € I}.

We now have the Black Box as in [10]:

THEOREM 6 ([10]): Let E be a stationary subset of \ consisting only of ordi-
nals of countable cofinality such that A\ — FE is stationary as well. Given our

notation as stated above. There exists a family {¢g : B < A} of canonical
homomorphisms such that



Vol. 160, 2007 QUASI-LOCALIZATIONS OF Z 367

(1) ||¢gll € E for all B < X;
(i) oyl < llesll for all v < B < A;
(i) [[lprlx Nlpslx|l < llpsll(= [llpslx|) for all 7,5 < A.
(iv) PREDICTION: For any homomorphism ¢: B — B and for any subset I of

A with |I]| < k the set
{a € E: 3B <\ such that ||pg||=a, v C1, I C[pg]x} Is stationary in .

We are now ready for our Step Lemma.

LEMMA 6: Let P = S|z, : « € I'*] for some I* C A\ and M a subgroup such that
PCMC P and M., the purification of M in S , Is cotorsion-free. Moreover,
assume that there is some subset Y of P such that Y is algebraically independent
over the ring P, i.e., the ring generated by Y and P is R := P[Y], a polynomial
ring. We assume that M is an R-module and R C M such that M /R is torsion.
Suppose there is a subset I = {a,, : n < w} of I with v, < ap41 for alln < w,
such that I N [g]x is finite for all g € M. Let ¢: P — M. Then there exists an
element y € P such that

(1) y is algebraically independent over R;

(2) there exists an R[y]-submodule M’ of P such that R[y] C M and M is

pure in M’;

(3) either there is some n € N such that ng € R or ¢(y) ¢ M’;

(4) (M), the purification of M in S is cotorsion-free and M’/ R[y] is torsion;

(5) if np € R for some n € N, then ¢ € R.

(The element y can be chosen to be x := )
some element 7 € Z and b € P.)

new(@)Tq, ory =z + b for

Remark 1: 'We have to be a bit more careful than in the corresponding proof
in [10], because our M and M’ are not pure in P.

Proof: Let y = > _ (n!)za,. Then [y]x N [g]x finite for all g € M implies
that y is algebraically independent over R C M. Now define v, = Zyz_ol(i!)zai
and y, = 1 € P. Define M' = (M + >, ynZ)R[y]. Note that ny, =
Yn—1 — Tp, and therefore y € yoZ + P for any k < £ < w. Let h € M’, then
ho= 320 (mj 4 Ynyzj)rjy’ for some m; € M, ng € N, 2; € Z, rj € R. Thus
(noYh = Z?:o m;y? + zpry™ € M[y], a ‘polynomial’ in y with coefficients
in M. Since M/R is torsion we infer that kh € R[y|, the ring of polynomials
over R, for some k € N. It is now easy to see that M is pure in M’. Assume

that kg ¢ R for any 0 ¢ k € N but ¢(y) € M’. Then there exists some k; € N
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such that k1p(y) = Z;'L;o r;y’ for some r; € R. We distinguish between two
cases:
CASE 1: n; < 1. Sinceky ¢ R for any 0 ¢ k € N we have that (kyp—r1)(P) #
{0} and we have some b € P such that 0 # (k1 — r1)(b) € M. Since M, is
cotorsion-free, there is some Z-adic number 7 such that (k1o — r1)(br) ¢ M..
Let z = bm + y and assume that p(z) € M" = (M + > _ . 2,Z)R[z] where
Zp = % and 7, € Z converge to w. This implies that for some ky € N we
have kgcp(z)‘: kap(y +bm) = 3772, 727, Tt follows that koki(o(2) — ¢(y)) =
k1 Z;ZO 7527 — ka(ro + r1y). We infer that np = 1 and
kakyp(bm) = kok1(p(2) = ¢(y)) = k1(rg + r12) — ka(ro + r1y)

= k’17“6 — korg + lellbﬂ' + (k’l’fll — kQTl)y e M.

By supports, it follows that k1] — kory = 0 and thus ko(ki1p(b) — rb)m =
koki1p(bm) — koribm = kakip(bm) — kyribm = ki) — karo € M. We obtain
(k1p(b) — rb)m € M., a contradiction.

If nop = r € R, then np(l) = r € R. Since S C R C §, S is dense in
R and there is some s € S such that r = s + nt for some ¢ € R. Then
p=r/n=(s+nt)/n=s/n+tand it follows that ¢ —t = s/n € Hom(P, M)
and we have s € SN M C SN nS = nS since S is pure in S. Thus s = ns' for
some s’ € S and it follows that ¢ = (s’ +t) € R.

CaSE 2: ny > 2. Recall that kip(y) = Y72y’ for some 7; € R and we
may assume 0 # 7,, € R. By cotorsion-freeness, there exists 7 € Z such that
nimry, ¢ M. Now consider z = y + 17 and assume kop(2) = kop(y + 7) =
S22 rhzi. Then

j=0"J
kikap(17) = kaka(p(2) — o(y)) = k1 Y 72 — ke > rjy) € 7M.
j=0 j=0

By support arguments, we infer ny = ng =: n and k7], = kor,. This implies
that kyr! y" ! (711)7'(' + k! y" T —kor,_1y" ! = 0 since n > 2. It follows that
karpnm = karn_1 — k17l = w € R. There exist some ¢t € R, s € S such that
w = 8 + kat, which implies kar,nm = s+ kot and ka(r,nm —t) = s € SN k’QS\ =
k2S. This implies r,nm —t € S and we have the contradiction r,nm € R C M
to the choice of . This shows that in this case p(y) ¢ M’ or ¢(2) ¢ M". |

We are now ready for our
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Construction: Let {¢3 : § < A} be the family of canonical homomorphisms
provided by the Black Box. For § < A let

Pg = domain(pg) = Slza : a € [pg]x].

Inductively define elements y, € ]3; and rings RY = S[{za : a < [o5|} U
{ys : B < ~}] and R7-modules M" such that R C M” C QR C Sz : o < A,
such that for all v < 8 < A,

D) gl = 1P, (= 1)

(2) RP = S{za:a<A}U{y, v < B} C MP with MP/RP torsion.

(3) MP" is cotorsion-free.

Let R® = S[z, : @ < A]. If 8 < \is a limit ordinal then R® = U, <5 RY and
MP = U7<5 M?. Suppose R?, 3 < X, has been constructed.

CASE 1: ¢p: P3 — I/DE satisfies ¢(P3) € MP and ¢ ¢ RP. Here we apply
our Step Lemma and find an element y = y3 € Ps such that R°*! = Rf[yg] is a
polynomial ring and M? C MP*!is an R°*1-module such that ¢s(yg) ¢ MP+1.

CASE 2:  ¢g: Pg — I/DE satisfies pg(Pg) g MP or g5 € R®. In this case we
define y = yg as in the Step Lemma without putting any conditions on ¢g(y3).

Finally, set R = Us<x RP and M = Us<a MP.

Just like in [10, Section 2], it follows that End(M) = R and R C M C QR.
Moreover, Ris isomorphic to a polynomial ring over S in A-many variables, i.e.
the set {z, : @ < A\}U{yp : B € E#} for some subset E# of \. After completing
the remaining steps of the proof following [10], we will have:

THEOREM 7: Let S, k,u, A be as in our Notation and R = S[t, : a < \] be
the polynomial ring over S in A-many variables. Then there exists an R-module
M such that R C M C QR, M/R is torsion and Endz(M) = R, i.e. M is a
quasi-localization of 7.
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